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Abstract: Generalized symmetries and supersymmetries depending on derivatives of dy-
namic variables are treated in a most general setting. Studding cohomology of the varia-
tional bicomplex, we state the first variational formula and conservation laws for Lagrangian
systems on fiber bundles and graded manifolds under generalized symmetries and supersym-
metries of any order. Cohomology of nilpotent generalized supersymmetries are obtained.
1 Introduction
Symmetries of differential equations under transformations of dynamic variables depending
on their derivatives have been intensively investigated (see [3, 27, 29, 33] for a survey). Fol-
lowing [3, 33], we agree to call them the generalized symmetries in contrast with the classical
(point) ones. In mechanics, conservation laws corresponding to generalized symmetries are
well known [33]. In field theory, BRST transformations provide the most interesting example
of generalized supersymmetries [16, 17].
Generalized symmetries of Lagrangian systems on a local coordinate domain have been
described in detail [33]. We aim to provide the global analysis of Lagrangian systems on
fiber bundles and graded manifolds under generalized symmetries and supersymmetries of
any order.
Let us note that an m-order differential equation on a finite-dimensional smooth fiber
bundle π : Y → X is conventionally defined as a closed subbundle of the m-order jet
bundle JmY → X of sections of Y → X [11, 29]. Euler–Lagrange equations need not
satisfy this condition, unless an Euler–Lagrange operator is of constant rank. Therefore,
we regard infinitesimal symmetry transformations as derivations of the graded differential
algebra (henceforth GDA) O∗∞ of exterior forms on jet manifolds, but not as manifold maps.
This approach is straightforwardly extended to Lagrangian systems on graded manifolds.
We use the first variational formula of the calculus of variations in order to obtain La-
grangian conservation laws [18, 31, 38]. Recall that an r-order Lagrangian on a fiber bundle
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Y → X is defined as a horizontal density L : JrY →
n
∧T ∗X , n = dimX , on the r-order jet
manifold JrY . If X = R, we are in the case of non-relativistic time-dependent mechanics.
A classical symmetry is represented by a projectable vector field u on Y → X seen as an
infinitesimal generator of a local one-parameter group of bundle automorphisms of Y → X .
Let LJruL be the Lie derivative of L along the jet prolongation J
ru of u onto JrY . The first
variational formula provides its canonical decomposition
LJruL = uV ⌋δL+ dH(h0(J
2r−1u⌋ΞL)), (1.1)
where δL is the Euler–Lagrange operator, ΞL is a Lepagean equivalent (e.g., a Poincare´–
Cartan form) of L, uV is the vertical part of u, dH is the total differential, and h0 is the
horizontal projection (see all the definitions below). Let u be a divergence symmetry of L,
i.e., the Lie derivative LJruL is a total differential dHσ. Then the first variational formula
(1.1) on the kernel Ker δL of the Euler–Lagrange operator δL leads to the weak conservation
law
0 ≈ dH(h0(J
2r−1u⌋ΞL)− σ). (1.2)
If u is a variational symmetry of L, i.e., LJruL = 0, the conservation law (1.2) comes to the
conservation law of the Noether current Ju = h0(J
2r−1u⌋ΞL).
In the case of a classical symmetry, the first variational formula (1.1) and the existence
of a globally defined symmetry current Ju issue from the existence of a global Lepagean
equivalent ΞL of L [23]. In order to extend the first variational formula to generalized
symmetries (formula (3.7)) and generalized supersymmetries (formula (6.4)), we derive it
from the decomposition
dL = δL− dH(Ξ), (1.3)
provided by the global exactness of the subcomplex of one-contact forms of the variational
bicomplex on fiber bundles and graded manifolds (Propositions 2.3 and 4.3). As a conse-
quence, the existence of a global finite order Lepagean equivalent of a graded Lagrangian is
stated.
A vector field u in the first variational formula (1.1) represents a derivation of the R-ring
C∞(Y ) of smooth real functions on Y . Accordingly, a k-order generalized vector field ϑ can
be defined as a derivation of the R-ring C∞(Y ) with values into the ring C∞(JkY ) of smooth
real functions on the jet manifold JkY . This definition recovers the geometric notion of a
generalized vector field as a section of the pull-back bundle TY × JkY → JkY in [16]. The
prolongation Jrϑ of ϑ onto any finite order jet manifold JrY is that one calls a generalized
symmetry. We give the intrinsic definition of a generalized symmetry as a derivation υ of the
R ring O0∞ such that the Lie derivative Lυ preserves the ideal of contact forms of the above
mentioned GDA O∗∞ (Propositions 3.1 – 3.3). The key point is that the Lie derivative LJrϑ
along a generalized symmetry Jrϑ sends exterior forms on the jet manifold JrY onto those
on the jet manifold Jr+kY . By virtue of the well-known Ba¨cklund theorem, LJrϑ preserves
O∗r iff either ϑ is a vector field on Y or Y → X is a one-dimensional bundle and ϑ is a
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generalized vector field at most of first order [27]. Thus, considering generalized symmetries,
one deals with Lagrangian systems of unspecified finite order.
Infinite order jet formalism provides a convenient tool for studying these systems [2, 20,
29, 31, 38, 41]. With the inverse system of finite order jet manifolds
X
π
←−Y
π1
0←− J1Y ←− · · ·Jr−1Y
πr
r−1
←− JrY ←− · · · , (1.4)
we have the direct system
O∗(X)
π∗
−→O∗(Y )
π1
0
∗
−→O∗1 · · ·
πr
r−1
∗
−→ O∗r −→ · · · (1.5)
of GDAs of exterior forms on these manifolds with respect to the pull-back monomorphisms
πrr−1
∗. Its direct limit is the above mentioned GDA O∗∞ consisting of all the exterior forms on
finite order jet manifolds modulo the pull-back identification. The exterior differential onO∗∞
is decomposed into the sum d = dH + dV of the total and the vertical differentials. These
differentials and the variational operator δ split O∗∞ into the variational bicomplex (2.4),
which provides the algebraic description of Lagrangian systems on a fiber bundle Y → X .
Restricted to a coordinate domain of Y , this bicomplex, except the terms R, is exact. One
refers to this fact as the algebraic Poincare´ lemma (e.g., [33]). Recently, we have stated
cohomology of the variational bicomplex for an arbitrary Y [19, 20, 39]. The key point is
that this cohomology provides a topological obstruction to local divergence symmetries to
be the global ones. For instance, if a generalized symmetry ϑ is a divergence symmetry of a
Lagrangian L, the equality δ(LJrϑL) = 0 holds, but the converse is not true because of the
de Rham cohomology group Hn(Y ) of Y .
Remark 1.1. Let us point out the following technical detail repeatedly met in the sequel.
The de Rham cohomology of O∗∞ is easily proved to equal the de Rham cohomology H
∗(Y )
of Y [2]. However, one has to enlarge the GDA O∗∞ in order to find its dH- and δ-cohomology.
Let O∗r be the sheaf of germs of exterior forms on the r-order jet manifold J
rY , and let O
∗
r
be its canonical presheaf. We throughout follow the sheaf terminology of [26]. There is the
direct system of presheaves
O
∗
X
π∗
−→O
∗
0
π1
0
∗
−→O
∗
1 · · ·
πr
r−1
∗
−→ O
∗
r −→ · · · .
Its direct limit O
∗
∞ is a presheaf of GDAs on the projective limit of the inverse system (1.4) of
jet manifolds. This projective limit, called the infinite order jet space J∞Y , is endowed with
the weakest topology such that surjections π∞r : J
∞Y → JrY are continuous. This topology
makes J∞Y into a paracompact Fre´chet manifold [41]. Let T∗∞ be a sheaf constructed from
O
∗
∞. The module Q
∗
∞ = Γ(T
∗
∞) of sections of T
∗
∞ is a GDA such that, given an element
φ ∈ T∗∞ and a point z ∈ J
∞Y , there exist an open neighbourhood U of z and an exterior
form φ(k) on some finite order jet manifold JkY so that φ|U = φ
(k) ◦ π∞k |U . In particular,
there is the monomorphism O∗∞ → Q
∗
∞. The key point is that the paracompact space J
∞Y
admits a partition of unity by elements of the ring Q0∞ [41] and Y is a strong deformation
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retract of J∞Y [2, 20]. These facts have enabled one to obtain dH- and δ-cohomology of
Q∗∞ [1, 2, 41]. Recently, we have shown that its subalgebra O
∗
∞ possesses the same dH- and
δ-cohomology as Q∗∞ [19, 39].
The following two peculiarities of generalized supersymmetries should be additionally
noted. Firstly, generalized supersymmetries are expressed into jets of odd variables, and
we should define an algebra where they act. Secondly, generalized supersymmetries can be
nilpotent.
Stimulated by BRST theory, we do not focus on particular geometric models of ghost
fields in gauge theories (e.g., [7, 40]), but consider Lagrangian systems of odd variables in
a general setting. For this purpose, one calls into play fiber bundles over graded manifolds
and supermanifolds [12, 13, 32]. However, the antifield BRST theory on X = Rn [4, 5, 8, 9]
involves jets of odd fields only with respect to space-time coordinates. Therefore, we describe
odd variables on a smooth manifold X as generating elements of the structure ring of a
graded manifold, whose body is X . By the well-known Batchelor theorem [6], such a graded
manifold is isomorphic to the one whose structure sheaf AQ is formed by germs of sections
of the exterior product
∧Q∗ = R⊕
X
Q∗⊕
X
2
∧Q∗⊕
X
· · · , (1.6)
where Q∗ is the dual of some real vector bundle Q → X . In physical models, a vector
bundle Q is usually given from the beginning. Therefore, we restrict our consideration to
graded manifolds (X,AQ) where the Batchelor isomorphism holds fixed, i.e., automorphisms
of (X,AQ) are restricted to those induced by bundle automorphisms of Q. This restriction
enables us to handle the structures which are not preserved by general automorphisms of a
graded manifold. We agree to call (X,AQ) a simple graded manifold constructed from Q.
Accordingly, r-order jets of odd variables are defined as generating elements of the structure
ring of the simple graded manifold (X,AJrQ) constructed from the jet bundle J
rQ of Q
[31, 36]. Let C∗JrQ be the bigraded differential algebra (henceforth BGDA) of graded exterior
forms on the graded manifold (X,AJrQ). Since π
r
r−1 : J
rQ → Jr−1Q is a linear bundle
morphism over X , it yields the morphism of graded manifolds (X,AJrQ)→ (X,AJr−1Q) and
the monomorphism of the BGDAs C∗Jr−1Q → C
∗
JrQ [6, 31]. Hence, there is the direct system
of BGDAs
C∗Q
π1∗
0−→C∗J1Q−→· · · C
∗
JrQ
πr+1∗r−→ · · · , (1.7)
whose direct limit C∗∞ consists of graded exterior forms on graded manifolds (X,AJrQ), 0 ≤ r,
modulo the pull-back identification.
This definition of odd jets differs from that of jets of a graded fiber bundle in [25], but
reproduces the heuristic notion of jets of ghosts in the above mentioned antifield BRST
theory on Rn. Moreover, it enables one to describe odd and even variables (e.g., classical
fields, ghosts, ghosts-for-ghosts and antifields in BRST theory) on the same footing. Namely,
let a smooth fiber bundle Y → X be affine. Then its de Rham cohomology equals that of
X . Let P∗∞ be the C
∞(X)-subalgebra of the GDA O∗∞ which consists of exterior forms
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whose coefficients are polynomial in the fiber coordinates on J∞Y → X . Let us consider
the product S∗∞ of graded algebras C
∗
∞ and P
∗
∞ over their common subalgebra O
∗(X). It is
a BGDA. For the sake of brevity, we continue to call its elements the graded forms.
Similarly to O∗∞, the BGDA S
∗
∞ is split into the graded variational bicomplex, which
provides the algebraic description of Lagrangian systems of even and odd variables indexed
by elements of the fiber bundles Y and Q over a smooth manifold X . Following a procedure
similar to that in Remark 1.1, we obtain cohomology of some complexes of the BGDA S∗∞.
These are the short variational complex of horizontal (local in the terminology of [5, 8])
graded exterior forms (4.4), the complex of one-contact graded exterior forms (4.5) and the
de Rham complex (4.6). Cohomology of the first and third complexes is proved to equal the
de Rham cohomology H∗(X) of X , while the second one is globally exact (Theorem 4.1).
This exactness provides the decomposition (1.3) of a graded Lagrangian and leads to the first
variational formula and conservation law under generalized supersymmetries (Propositions
4.3 and 6.2). Cohomology H<n(X) of the short variational complex is the main ingredient
in a computation of the iterated cohomology of nilpotent generalized supersymmetries.
By analogy with a generalized symmetry, a generalized supersymmetry υ is defined as
a graded derivation of the R-ring S0∞ such that the Lie derivative Lυ preserves the contact
ideal of the BGDA S∗∞ (Proposition 6.1). The BRST transformation υ (6.6) in gauge theory
on a principal bundle exemplifies such a generalized supersymmetry. Its peculiarity is that
the Lie derivative Lυ of horizontal graded forms is nilpotent. This fact motivates us to study
nilpotent generalized supersymmetries in a general setting.
Note that nilpotent generalized supersymmetries are necessarily odd, i.e., there are no
nilpotent generalized symmetries. The key point is that the Lie derivative Lυ along a gen-
eralized supersymmetry and the total differential dH mutually commute. If Lυ is nilpotent,
let us suppose that the dH-complex S
0,∗
∞ of horizontal graded forms is split into a complex
of complexes {Sk,m} with respect to Lυ and dH . In order to make it into a bicomplex, let
us introduce the nilpotent operator
sυφ = (−1)
|φ|Lυφ, φ ∈ S
0,∗
∞ , (1.8)
such that dH ◦ sυ + sυ ◦ dH = 0. In the case of the BRST transformation υ (6.6), sυ (1.8)
is the BRST operator. The bicomplex S∗,∗ is graded by the form degree 0 ≤ m ≤ n and
an integer k ∈ Z. Let us consider horizontal graded forms φ ∈ S0,∗∞ such that a nilpotent
generalized supersymmetry υ is their divergence symmetry, i.e. Lυφ = dHφ. We come to
the relative and iterated cohomology of sυ with respect to the total differential dH . In the
antifield BRST theory, relative cohomology is known as the local BRST cohomology [5, 8]
(see [15] for the BRST cohomology modulo the exterior differential d). Relative and iterated
cohomology groups coincide with each other on horizontal densities, and they naturally
characterize graded Lagrangians L, for which υ is a divergence symmetry, modulo the Lie
derivatives Lυξ, ξ ∈ S
0,∗
∞ , and the dH-exact graded forms.
We obtain the iterated cohomology H∗,m<n(sυ|dH) (Theorem 7.2) and state the relation
between the iterated cohomology H∗,n(sυ|dH) and the total (sυ + dH)-cohomology of the
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bicomplex S∗,∗ (Theorem 7.3). This relation plays a prominent role, e.g., in the antifield
BRST theory [5, 8]. Note that relative cohomology of form degree m < n fails to be related
to the total cohomology. For instance, in Section 9.6 of [5], iterated BRST cohomology in
fact is considered.
2 Lagrangian systems of unspecified finite order on fiber bundles
This Section addresses the basic formulae for finite order Lagrangian systems on a smooth
fiber bundle Y → X in the framework of infinite order jet formalism. The similar formulae for
graded Lagrangian systems will be stated in Section 4. Our main goal is the decomposition
(1.3).
Remark 2.1. Smooth manifolds throughout are real, finite-dimensional, Hausdorff, second-
countable (hence, paracompact) and connected.
Any bundle coordinate atlas {(UY ; x
λ, yi)} of π : Y → X yields the coordinate atlas
{((π∞0 )
−1(UY ); x
λ, yiΛ)}, y
′i
λ+Λ =
∂xµ
∂x′λ
dµy
′i
Λ, 0 ≤ |Λ|, (2.1)
of the Fre´chet manifold J∞Y , where Λ = (λk...λ1) is a symmetric multi-index of length k,
λ+ Λ = (λλk...λ1), and
dλ = ∂λ +
∑
|Λ|≥0
yiλ+Λ∂
Λ
i , dΛ = dλr ◦ · · · ◦ dλ1 , Λ = (λr...λ1), (2.2)
are the total derivatives. Hereafter, we fix an atlas of Y and, consequently, that of J∞Y
containing a finite number of charts (UY ; x
λ, yi) (their branches UY however need not be
domains) [24].
Restricted to a coordinate chart (2.1), elements of the GDA O∗∞ can be written in a
coordinate form; horizontal forms {dxλ} and contact one-forms {θiΛ = dy
i
Λ− y
i
λ+Λdx
λ} make
up a local basis for the O0∞-algebra O
∗
∞. There is the canonical decomposition O
∗
∞ = ⊕O
k,m
∞
of this algebra into O0∞-modules O
k,m
∞ of k-contact and m-horizontal forms together with the
corresponding projections hk : O
∗
∞ → O
k,∗
∞ and h
m : O∗∞ → O
∗,m
∞ . Accordingly, the exterior
differential on O∗∞ is split into the sum d = dH + dV of the total and vertical differentials
dH ◦ hk = hk ◦ d ◦ hk, dH ◦ h0 = h0 ◦ d, dH(φ) = dx
λ ∧ dλ(φ),
dV ◦ h
m = hm ◦ d ◦ hm, dV (φ) = θ
i
Λ ∧ ∂
Λ
i φ, φ ∈ O
∗
∞.
One also introduces the R-module projector
̺ =
∑
k>0
1
k
̺ ◦ hk ◦ h
n, ̺(φ) =
∑
|Λ|≥0
(−1)|Λ|θi ∧ [dΛ(∂
Λ
i ⌋φ)], φ ∈ O
>0,n
∞ , (2.3)
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of O∗∞ such that ̺ ◦ dH = 0 and the nilpotent variational operator δ = ̺ ◦ d on O
∗,n
∞ . Put
Ek = ̺(O
k,n
∞ ). As a consequence, the GDA O
∗
∞ is split into the above mentioned variational
bicomplex
...
...
...
...
...
dV ✻ dV ✻ dV ✻ dV ✻ −δ✻
0→ O1,0∞
dH−→ O1,1∞
dH−→· · · O1,m∞
dH−→· · · O1,n∞
̺
−→ E1 → 0
dV ✻ dV ✻ dV ✻ dV ✻ −δ✻
0→R→ O0∞
dH−→ O0,1∞
dH−→· · · O0,m∞
dH−→· · · O0,n∞ ≡ O
0,n
∞
π∞∗✻ π∞∗✻ π∞∗ ✻ π∞∗✻
0→R→ O0(X)
d
−→ O1(X)
d
−→· · · Om(X)
d
−→· · · On(X)
d
−→ 0
✻ ✻ ✻ ✻
0 0 0 0
(2.4)
The second row from the bottom and the last column of this bicomplex assemble into
the variational complex
0→ R→ O0∞
dH−→O0,1∞ · · ·
dH−→O0,n∞
δ
−→E1
δ
−→E2−→· · · . (2.5)
One can think of its elements
L = Lω ∈ O0,n∞ , δL =
∑
|Λ|≥0
(−1)|Λ|dΛ(∂
Λ
i L)θ
i ∧ ω ∈ E1, ω = dx
1 ∧ · · · ∧ dxn,
as being a finite order Lagrangian and its Euler–Lagrange operator.
Theorem 2.1. Cohomology of the variational complex (2.5) is isomorphic to the de Rham
cohomology of a fiber bundle Y [19, 39].
Outline of proof. We have the complex of sheaves of Q0∞-modules
0→ R→ T0∞
dH−→T0,1∞ · · ·
dH−→T0,n∞
δ
−→E1
δ
−→E2 −→ · · · , Ek = ̺(O
k,n
∞ ), (2.6)
on J∞Y and the complex of their structure modules
0→ R→ Q0∞
dH−→Q0,1∞ · · ·
dH−→Q0,n∞
δ
−→E1
δ
−→E2 −→ · · · . (2.7)
Since the paracompact space J∞Y admits a partition of unity by elements of the ringQ0∞, the
sheaves T0,k∞ in the complex (2.6) are fine. The sheaves Ek are also proved to be fine [19, 39].
Consequently, all sheaves, except R, in the complex (2.5) are acyclic. Then, by virtue of the
above mentioned algebraic Poincare´ lemma, the complex (2.6) is a resolution of the constant
sheaf R on J∞Y . In accordance with the abstract de Rham theorem [26], cohomology of
the complex (2.7) equals the cohomology of J∞Y with coefficients in R. The latter, in turn,
is isomorphic to the de Rham cohomology of Y , which is a strong deformation retract of
7
J∞Y . Finally, the dH- and δ-cohomology of Q
∗
∞ is proved to equal that of its subalgebra
O∗∞ [19, 39]. ✷
Corollary 2.2. Every dH-closed form φ ∈ O
0,m<n is the sum
φ = h0ϕ+ dHξ, ξ ∈ O
0,m−1
∞ , (2.8)
where ϕ is a closed m-form on Y . Every δ-closed form (a variationally trivial Lagrangian)
L ∈ O0,n is the sum
L = h0ϕ+ dHξ, ξ ∈ O
0,n−1
∞ , (2.9)
where ϕ is a closed n-form on Y .
Remark 2.2. The formulae (2.8) – (2.9) have been stated in [1] by computing cohomology
of the fixed order variational sequence, but the proof of the local exactness of this sequence
requires rather sophisticated ad hoc techniques. The proof of Theorem 4.1 below on coho-
mology of the graded variational bicomplex follows the above proof of Theorem 2.1.
Proposition 2.3. For any Lagrangian L ∈ O0,n∞ , there is the decomposition (1.3), where
Ξ ∈ O1,n−1∞ .
Proof. Let us consider the third row
0→ O1,0∞
dH−→O1,1∞ · · ·
dH−→O1,n∞
̺
−→E1 → 0 (2.10)
from the bottom of the variational bicomplex (2.4). Similarly to the proof of Theorem 2.1,
one can show that the complex (2.10) is exact. Its exactness at the term O1,n∞ relative to the
projector ̺ provides the R-module decomposition
O1,n∞ = E1 ⊕ dH(O
1,n−1
∞ ).
It leads to the splitting (1.3) of dL ∈ O1,n∞ . The form Ξ in this splitting is not uniquely
defined. It reads
Ξ =
∑
s=0
F λνs...ν1i θ
i
νs...ν1
∧ ωλ, ωλ = ∂λ⌋ω, (2.11)
F νk...ν1i = ∂
νk...ν1
i L− dλF
λνk...ν1
i + h
νk...ν1
i ,
where local functions h ∈ O0∞ obey the relations h
ν
i = 0, h
(νkνk−1)...ν1
i = 0. It follows
that ΞL = Ξ + L is a Lepagean equivalent, e.g., a Poincare´–Cartan form of a finite order
Lagrangian L [23]. ✷
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3 Generalized Lagrangian symmetries
A derivation υ ∈ dO0∞ of the R-ring O
0
∞ is said to be a generalized symmetry if the Lie
derivative Lυ, being a derivation of the GDA O
∗
∞, preserves its ideal of contact forms.
Forthcoming Propositions 3.1 – 3.3 confirm the contentedness of this definition.
Proposition 3.1. The derivation module dO0∞ is isomorphic to the O
0
∞-dual (O
1
∞)
∗ of the
module of one-forms O1∞.
Proof. At first, let us show that O∗∞ is generated by elements df , f ∈ O
0
∞. It suffices to
justify that any element of O1∞ is a finite O
0
∞-linear combination of elements df , f ∈ O
0
∞.
Indeed, every φ ∈ O1∞ is an exterior form on some finite order jet manifold J
rY . By virtue
of the Serre–Swan theorem extended to vector bundles over non-compact manifolds [34, 37],
the C∞(JrY )-module O∗r of one-forms on J
rY is a projective module of finite rank, i.e., φ
is represented by a finite C∞(JrY )-linear combination of elements df , f ∈ C∞(JrY ) ⊂ O0∞.
Any element Φ ∈ (O1∞)
∗ yields a derivation υΦ(f) = Φ(df) of the R-ring O
0
∞. Since the
module O1∞ is generated by elements df , f ∈ O
0
∞, different elements of (O
1
∞)
∗ provide
different derivations of O0∞, i.e., there is a monomorphism (O
1
∞)
∗ → dO0∞. By the same
formula, any derivation υ ∈ dO0∞ sends df 7→ υ(f) and, since O
0
∞ is generated by elements
df , it defines a morphism Φυ : O
1
∞ → O
0
∞. Moreover, different derivations υ provide different
morphisms Φυ. Thus, we have a monomorphism and, consequently, an isomorphism dO
0
∞ →
(O1∞)
∗. ✷
Remark 3.1. As follows from Proposition 3.1, the de Rham complex of the GDA O∗∞ is both
the Chevalley–Eilenberg complex of the Lie algebra dO0∞ with coefficients in O
0
∞ and the
universal differential calculus over the R-ring O0∞.
Proposition 3.2. Relative to an atlas (2.1), a derivation υ ∈ dO0∞ is given by the expression
υ = υλ∂λ + υ
i∂i +
∑
|Λ|>0
υiΛ∂
Λ
i , (3.1)
where υλ, υi, υiΛ are local smooth functions of finite jet order obeying the transformation law
υ′λ =
∂x′λ
∂xµ
υµ, υ′i =
∂y′i
∂yj
υj +
∂y′i
∂xµ
υµ, υ′iΛ =
∑
|Σ|≤|Λ|
∂y′iΛ
∂yjΣ
υjΣ +
∂y′iΛ
∂xµ
υµ. (3.2)
Proof. Restricted to a coordinate chart (2.1), O1∞ is a free O
0
∞-module generated by the
exterior forms dxλ, θiΛ. Then dO
0
∞ = (O
1
∞)
∗ restricted to this chart consists of elements
(3.1), where ∂λ, ∂
Λ
i are the duals of dx
λ, θiΛ. The transformation rule (3.2) results from the
transition functions (2.1). Since the atlas (2.1) is finite, a derivation υ (3.1) preserves O∗∞.
✷
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The interior product υ⌋φ and the Lie derivative Lυφ, φ ∈ O
∗
∞, obey the standard formu-
lae.
Proposition 3.3. A derivation υ (3.1) is a generalized symmetry iff
υiΛ = dΛ(υ
i − yiµυ
µ) + yiµ+Λυ
µ, 0 < |Λ|. (3.3)
Proof. The expression (3.3) results from a direct computation similarly to the first part
of the above mentioned Ba¨cklund theorem. Then one can justify that local functions (3.3)
fulfill the transformation law (3.2). ✷
Any generalized symmetry admits the horizontal splitting
υ = υH + υV = υ
λdλ + (ϑ
i∂i +
∑
|Λ|>0
dΛϑ
i∂Λi ), ϑ
i = υi − yiµυ
µ, (3.4)
relative to the canonical connection ∇ = dxλ⊗dλ on the C
∞(X)-ring O0∞ [31]. For instance,
let τ be a vector field on X . Then the derivation τ⌋(dHf), f ∈ O
0
∞, of O
0
∞ is a horizontal
generalized symmetry υ = τµdµ. A direct computation shows that any vertical generalized
symmetry υ = υV obeys the relations
υ⌋dHφ = −dH(υ⌋φ), (3.5)
Lυ(dHφ) = dH(Lυφ), φ ∈ O
∗
∞. (3.6)
Proposition 3.4. Given a Lagrangian L ∈ O0,n∞ , its Lie derivative LυL along a generalized
symmetry υ (3.4) fulfils the first variational formula
LυL = υV ⌋δL+ dH(h0(υ⌋ΞL)) + LdV (υH⌋ω), (3.7)
where ΞL is a Lepagean equivalent, e.g., a Poincare´–Cartan form of L.
Proof. The formula (3.7) comes from the splitting (1.3) and the relation (3.5) as follows:
LυL = υ⌋dL+ d(υ⌋L) = υV ⌋dL+ dH(υH⌋L) + LdV (υH⌋ω) = (3.8)
υV ⌋δL− υV ⌋dHΞ + dH(υH⌋L) + LdV (υH⌋ω) =
υV ⌋δL+ dH(υV ⌋Ξ + υH⌋L) + LdV (υH⌋ω),
where we put ΞL = Ξ + L. ✷
In comparison with the first variational formula (1.1) for classical symmetries, the right-
hand side of the first variational formula (3.7) contains an additional contact term which
vanishes if a generalized symmetry υ is projected onto X , i.e., its components υλ depend
only on coordinates on X .
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Let υ be a divergence symmetry of L, i.e., LυL = dHσ, σ ∈ O
0,n−1
∞ . By virtue of the
expression (3.8), this condition implies that a generalized symmetry υ is projected onto X .
Then the first variational formula (3.7) takes the form
dHσ = υV ⌋δL+ dH(h0(υ⌋ΞL)). (3.9)
Restricted to Ker δL, it leads to the weak conservation law
0 ≈ dH(h0(υ⌋ΞL)− σ). (3.10)
A glance at the expression (3.8) shows that a generalized symmetry υ (3.4), projected
onto X , is a divergence symmetry of a Lagrangian L iff its vertical part υV is so. Moreover,
υ and υV lead to the same conservation law (3.10). Thus, we can restrict our consideration
to vertical divergence symmetries υ. In this case, the conservation law (3.10) takes the form
0 ≈ dH(υ⌋ΞL − σ),
where Jυ = υ⌋ΞL is the Noether current along υ.
It should be noted that a generalized symmetry is almost never a variational symmetry
of a Lagrangian. Let us obtain the characteristic equation for divergence symmetries of a
Lagrangian L. Let υ be a vertical generalized symmetry. Then the Lie derivative LυL (3.8) is
a horizontal density. Let us require that it is a δ-closed form, i.e., δ(LυL) = 0. In accordance
with the equality (2.9), this condition is fulfilled iff
LυL = h0ϕ+ dHσ, (3.11)
where ϕ is a closed n-form on Y , i.e., υ at least locally is a divergence symmetry of L. It is
readily observed that the topological obstruction h0φ (3.11) for υ to be a global divergence
symmetry is at most of first order. If Y → X is an affine bundle, its de Rham cohomology
equals that of X and, consequently, the topological obstruction h0ϕ = ϕ (3.11) reduces to a
non-exact n-form on X . Recall that, by virtue of the master identity
LJ2ruδL = δ(LJruL),
any classical divergence symmetry of a Lagrangian is also a symmetry of its Euler–Lagrange
operator. However, this equality is not true for generalized symmetries [33]. It comes to the
relation
δ(LυL) = LυδL+
∑
|Λ|>0
(−1)|Λ|dΛ(∂
Λ
k υ
iδiLdy
k) ∧ ω.
4 Graded Lagrangian systems
Let (X,AQ) be the simple graded manifold constructed from a vector bundle Q → X of
fiber dimension m. Its structure ring AQ of sections of AQ consists of sections of the exterior
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bundle (1.6) called graded functions. Given bundle coordinates (xλ, qa) on Q with transition
functions q′a = ρabq
b, let {ca} be the corresponding fiber bases for Q∗ → X , together with
transition functions c′a = ρabc
b. Then (xλ, ca) is called the local basis for the graded manifold
(X,AQ) [6, 31]. With respect to this basis, graded functions read
f =
m∑
k=0
1
k!
fa1...akc
a1 · · · cak ,
where fa1···ak are local smooth real functions on X .
Given a graded manifold (X,AQ), by the sheaf dAQ of graded derivations of AQ is meant
a subsheaf of endomorphisms of the structure sheaf AQ such that any section u of dAQ over
an open subset U ⊂ X is a graded derivation of the graded ring AQ(U) of graded functions
on U , i.e.,
u(ff ′) = u(f)f ′ + (−1)[u][f ]fu(f ′), f, f ′ ∈ AQ(U),
for homogeneous elements u ∈ dAQ(U) and f, f
′ ∈ AQ(U), where [.] denotes the Grassmann
parity. One can show that sections of dAQ over U exhaust all graded derivations of the
graded ring AQ(U) [6]. Let dAQ be the Lie superalgebra of graded derivations of the R-ring
AQ. Its elements are called graded vector fields on (X,AQ). Due to the canonical splitting
V Q = Q × Q, the vertical tangent bundle V Q → Q of Q → X can be provided with the
fiber bases {∂a} which is the dual of {c
a}. Then a graded vector field takes the local form
u = uλ∂λ + u
a∂a, where u
λ, ua are local graded functions. It acts on AQ by the rule
u(fa...bc
a · · · cb) = uλ∂λ(fa...b)c
a · · · cb + udfa...b∂d⌋(c
a · · · cb). (4.1)
This rule implies the corresponding transformation law
u′λ = uλ, u′a = ρaju
j + uλ∂λ(ρ
a
j )c
j .
Then one can show [31, 35] that graded vector fields on a simple graded manifold can be
represented by sections of the vector bundle VQ → X which is locally isomorphic to the
vector bundle
VQ|U ≈ ∧Q
∗⊗
X
(Q⊕
X
TX)|U ,
and is equipped with the bundle coordinates (xλa1...ak , v
i
b1...bk
), k = 0, . . . , m, together with
the transition functions
x′λi1...ik = ρ
−1a1
i1
· · · ρ−1akik x
λ
a1...ak
,
v′ij1...jk = ρ
−1b1
j1
· · · ρ−1bkjk
[
ρijv
j
b1...bk
+
k!
(k − 1)!
xλb1...bk−1∂λρ
i
bk
]
.
Using this fact, one can introduce graded exterior forms on the graded manifold (X,AQ)
as sections of the exterior bundle
k
∧V∗Q, where V
∗
Q → X is the pointwise ∧Q
∗-dual of VQ.
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Relative to the dual bases {dxλ} for T ∗X and {dcb} for Q∗, sections of V∗Q → X (graded
one-forms) read
φ = φλdx
λ + φadc
a, φ′a = ρ
−1b
aφb, φ
′
λ = φλ + ρ
−1b
a∂λ(ρ
a
j )φbc
j .
The duality morphism is given by the interior product
u⌋φ = uλφλ + (−1)
[φa]uaφa.
Graded exterior forms constitute the BGDA C∗Q with respect to the graded exterior product
∧ and the even exterior differential d. Recall the standard formulae
φ ∧ σ = (−1)|φ||σ|+[φ][σ]σ ∧ φ, d(φ ∧ σ) = (dφ) ∧ σ + (−1)|φ|φ ∧ (dσ),
u⌋(φ ∧ σ) = (u⌋φ) ∧ σ + (−1)|φ|+[φ][u]φ ∧ (u⌋σ),
Luφ = u⌋dφ+ d(u⌋φ), Lu(φ ∧ σ) = Lu(φ) ∧ σ + (−1)
[u][φ]φ ∧ Lu(σ).
Since the jet bundle JrQ → X of a vector bundle Q → X is a vector bundle, let us
consider the simple graded manifold (X,AJrQ) constructed from J
rQ → X . Its local basis
is {xλ, caΛ}, 0 ≤ |Λ| ≤ r, together with the transition functions
c′aλ+Λ = dλ(ρ
a
j c
j
Λ), dλ = ∂λ +
∑
|Λ|<r
caλ+Λ∂
Λ
a , (4.2)
where ∂Λa are the duals of c
a
Λ. Let C
∗
JrQ be the above mentioned BGDA of graded exterior
forms on the graded manifold (X,AJrQ). It is locally a free C
∞(X)-algebra finitely generated
by the elements (1, caΛ, dx
λ, θaΛ = dc
a
Λ − c
a
λ+Λdx
λ), 0 ≤ |Λ| ≤ r. The direct limit C∗∞ of the
direct system (1.7) inherits the BGDA operations which commute with the monomorphisms
πr+1∗r . It is locally a free C
∞(X)-algebra countably generated by the elements (1, caΛ, dx
λ, θaΛ),
0 ≤ |Λ|.
It should be emphasized that, in contrast with the GDA O∗∞, the BGDA C
∗
∞ consists
of sections of sheaves on X . In order to regard these algebras on the same footing, let
us consider the open surjection π∞ : J∞ → X and the direct image π∗∞T
∗
∞ on X of the
sheaf T∗∞ of exterior forms on J
∞Y . Its stalk at a point x ∈ X consists of the equivalence
classes of sections of the sheaf T∗∞ which coincide on the inverse images (π
∞)−1(Ux) of open
neighbourhoods Ux of X . Since (π
∞)−1(Ux) is the infinite order jet space of sections of
the fiber bundle π−1(Ux) → X , every point x ∈ X has a base of open neighbourhoods
{Ux} such that the sheaves T
∗,∗
∞ of Q
0
∞-modules and the sheaves Ek in Theorem (2.1) are
acyclic on the inverse images (π∞)−1(Ux) of these neighbourhoods. Then, in accordance
with the Leray theorem [21], cohomology of J∞Y with coefficients in the sheaves T∗,∗∞ and
Ek is isomorphic to that of X with coefficients in their direct images π
∗
∞T
∗,∗
∞ and π
∗
∞Ek, i.e.,
the sheaves π∗∞T
∗,∗
∞ and π
∗
∞Ek on X are acyclic. Hereafter, let Y → X be an affine bundle.
Then X is a strong deformation retract of J∞Y . In this case, the inverse images (π∞)−1(Ux)
of contractible neighbourhoods Ux are contractible and π
∞
∗ R = R. Then, by virtue of the
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algebraic Poincare´ lemma, the variational bicomplex T∗∞ of sheaves on (π
∞)−1(Ux), except
the terms R, is exact, and the variational bicomplex π∞∗ T
∗
∞ of sheaves on X is so. There
is the R-algebra isomorphism of the GDA of sections of the sheaf π∞∗ T
∗
∞ on X to the GDA
Q∗∞. Thus, the GDA Q
∗
∞ and its subalgebra O
∗
∞ can be regarded as algebras of sections of
sheaves on X , and they keep their d-, dH- and δ-cohomology expressed into the de Rham
cohomology H∗(X) = H∗(Y ) of X [19].
Let us restrict our consideration to the above mentioned polynomial subalgebra P∗∞ of
O∗∞. Let us consider the graded product S
∗
∞ = C
∗
∞ ∧P
∗
∞ of graded algebras C
∗
∞ and P
∗
∞ over
their common graded subalgebra O∗(X). It consists of the elements
ψ ⊗ φ, (ψ ∧ σ)⊗ φ = ψ ⊗ (σ ∧ φ), ψ ∈ C∗∞, φ ∈ P
∗
∞, σ ∈ O
∗
∞,
φ⊗ ψ, (φ ∧ σ)⊗ ψ = φ⊗ (σ ∧ ψ), ψ ∈ C∗∞, φ ∈ P
∗
∞, σ ∈ O
∗
∞,
of the tensor products C∗∞ ⊗ P
∗
∞ and P
∗
∞ ⊗ C
∗
∞ of the O
∗
∞-modules C
∗
∞ and P
∗
∞ which are
subject to the commutation relation
ψ ⊗ φ = (−1)|ψ||φ|φ⊗ ψ
and the multiplication
(ψ ⊗ φ) ∧ (ψ′ ⊗ φ′) = (−1)|ψ
′||φ|(ψ ∧ ψ′)⊗ (φ ∧ φ′),
written for homogeneous elements of graded algebras C∗∞ and P
∗
∞. Introducing the notation
ψ ⊗ 1 = 1⊗ ψ = ψ, 1⊗ φ = φ⊗ 1 = φ, ψ ⊗ φ = (ψ ⊗ 1) ∧ (1⊗ φ) = ψ ∧ φ,
one can think of S∗∞ as being a bigraded algebra generated by elements of C
∗
∞ and P
∗
∞ and
provided with the total form degree |ψ ∧ φ| = |ψ| + |φ| and the total Grassmann parity
[ψ ∧ φ] = [ψ]. For instance, elements of the ring S0∞ are polynomials of c
a
Λ and y
i
Λ with
coefficients in C∞(X). The sum of exterior differentials on C∗∞ and P
∗
∞ makes S
∗
∞ into a
BGDA with the standard rules
ϕ ∧ ϕ′ = (−1)|ϕ||ϕ
′|+[ϕ][ϕ′]ϕ′ ∧ ϕ, d(ϕ ∧ ϕ′) = dϕ ∧ ϕ′ + (−1)|ϕ|ϕ ∧ dϕ′.
It is locally generated by the elements (1, caΛ, y
i
Λ, dx
λ, θaΛ, θ
i
Λ), |Λ| ≥ 0.
Remark 4.1. If Y → X is a vector bundle, one can get the BGDA S∗∞ = C
∗
∞ ∧ P
∗
∞ in a
different way. Let us consider the Whitney sum S = Q ⊕ Y of vector bundles Q → X and
Y → X regarded as a bundle of graded vector spaces Qx ⊕ Yx, x ∈ X . Let us define the
quotient S
k
of the tensor product
Sk = R⊕
X
S∗⊕
X
2
⊗S∗⊕
X
· · ·⊕
X
k
⊗S∗
by the elements
q ⊗ q′ + q′ ⊗ q, y ⊗ y′ − y′ ⊗ y, q ⊗ y − y ⊗ q
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for all q, q′ ∈ Qx, y, y
′ ∈ Yx, and x ∈ X . The C
∞(X)-modules AkS of sections of the vector
bundles S
k
→ X make up a direct system with respect to the natural monomorphisms
AkS → A
k+1
S . Its direct limit A
∞
S is endowed with a structure of a graded commutative
C∞(X)-ring generated by odd and even elements. Generalizing the above technique for a
graded manifold (X,AQ) to (X,A
∞
S ), one obtains the BGDA isomorphic to S
∗
∞ [31, 36].
Remark 4.2. In physical applications, one can think of S∗∞ as being a graded algebra of
even and odd variables on a smooth manifold X . In particular, this is the case of the above
mentioned antifield BRST theory on X = Rn [4, 5, 8, 9]. Recall that, in gauge theory on
a principal bundle P → X with a structure Lie group G, principal connections on P → X
are represented by sections of the quotient C = J1P/G → X [18, 31, 38]. The connection
bundle C → X is affine. It is coordinated by (xλ, arλ) such that, given a section A of C → X ,
its components Arλ = a
r
λ ◦A are coefficients of the familiar local connection form (i.e., gauge
potentials). Let J∞C be the infinite order jet space of C → X coordinated by (xλ, arλ,Λ),
0 ≤ |Λ|, and let P∗∞(C) be the polynomial subalgebra of the GDA O
∗
∞(C) of exterior
forms of finite jet order on J∞C whose coefficients are polynomials of arλ,Λ. Infinitesimal
generators of one-parameter groups of vertical automorphisms (gauge transformations) of a
principal bundle P are G-invariant vertical vector fields on P → X . They are associated to
sections of the vector bundle VGP = V P/G→ X of right Lie algebras of the group G. Let us
consider the simple graded manifold (X,AVGY ) constructed from this vector bundle. Its local
basis is (xλ, Cr). Let C∗JrQ be the BGDA of graded exterior forms on the graded manifold
(X,AJrVGP ), and C
∗
∞(VGP ) the direct limit of the direct system (1.7) of these algebras. Then
the graded product
S∗∞(VG, C) = C
∗
∞(VGP ) ∧ P
∗
∞(C) (4.3)
describe gauge potentials, odd ghosts and their jets in the BRST theory. A generic basis for
BRST theory contains the following three sectors: (i) even classical fields of vanishing ghost
number (e.g., the above mentioned gauge potentials), (ii) odd ghosts, ghosts-for-ghosts and
antifields, (iii) even ghosts-for-ghosts and antifields [5, 9, 22]. From the physical viewpoint,
it seems more natural to describe odd and even elements of the non-classical sectors (ii) –
(iii) of this basis in the framework of the unified construction in Remark 4.1 [31, 36].
Hereafter, let the collective symbols sAΛ and θ
A
Λ stand both for even and odd generating
elements caΛ, y
i
Λ, θ
a
Λ, θ
i
Λ of the C
∞(X)-algebra S∗∞. Similarly to O
∗
∞, the BGDA S
∗
∞ is
decomposed into S0∞-modules S
k,r
∞ of k-contact and r-horizontal graded forms, together with
the corresponding projections hk and h
r. Accordingly, the graded exterior differential d on
S∗∞ is split into the sum d = dH + dV of the total and vertical differentials
dH(φ) = dx
λ ∧ dλ(φ), dV (φ) = θ
A
Λ ∧ ∂
Λ
Aφ, φ ∈ S
∗
∞.
The projection endomorphism ̺ of S∗∞ is given by the expression
̺ =
∑
k>0
1
k
̺ ◦ hk ◦ h
n, ̺(φ) =
∑
|Λ|≥0
(−1)|Λ|θA ∧ [dΛ(∂
Λ
A⌋φ)], φ ∈ S
>0,n
∞ ,
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similar to (2.3). The graded variational operator δ = ̺ ◦ d is introduced. Then the BGDA
S∗∞ is split into the graded variational bicomplex, analogous to the bicomplex (2.4).
The key point is that, in contrast with the variational bicomplex (2.4), the algebraic
Poincare´ lemma has been stated only for the short variational complex
0−→R−→S0∞
dH−→S0,1∞ · · ·
dH−→S0,n∞
δ
−→ 0, (4.4)
of the BGDA S∗∞, i.e., this complex on X = R
n is exact at all terms, except R [5, 14]. We
also consider the complex
0→ S1,0∞
dH−→S1,1∞ · · ·
dH−→S1,n∞
̺
−→E1 → 0, E1 = ̺(S
1,n
∞ ), (4.5)
of graded one-forms, analogous to the complex (2.10), and the de Rham complex
0→ R−→S0∞
d
−→S1∞ · · ·
d
−→Sk∞−→· · · . (4.6)
One can think of elements
L = Lω ∈ S0,n∞ , δ(L) =
∑
|Λ|≥0
(−1)|Λ|θA ∧ dΛ(∂
Λ
AL) ∈ E1
of the complexes (4.4) – (4.5) as being a graded Lagrangian and its Euler–Lagrange operator,
respectively.
Theorem 4.1. The cohomology of the complexes (4.4) and (4.6) equals the de Rham
cohomology H∗(X) of X. The complex (4.5) is exact.
Proof. Next Section is devoted to the proof. ✷
Corollary 4.2. Every dH-closed graded form φ ∈ S
0,m<n
∞ falls into the sum
φ = ϕ+ dHξ, ξ ∈ S
0,m−1
∞ , (4.7)
where ϕ is a closed m-form on X. Every δ-closed graded form (a variationally trivial graded
Lagrangian) L ∈ S0,n∞ is the sum
φ = ϕ+ dHξ, ξ ∈ S
0,n−1
∞ , (4.8)
where ϕ is a non-exact n-form on X.
The global exactness of the complex (4.5) at the term S1,n∞ results in the following.
Proposition 4.3. Given a graded Lagrangian L, there is the decomposition
dL = δL− dH(Ξ), Ξ ∈ S
1,n−1
∞ , (4.9)
Ξ =
∑
s=0
θAνs...ν1 ∧ F
λνs...ν1
A ωλ, F
νk...ν1
A = ∂
νk ...ν1
A L − dλF
λνk...ν1
A + h
νk...ν1
A , (4.10)
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where local graded functions h obey the relations hνa = 0, h
(νkνk−1)...ν1
a = 0.
Proof. The proof of the decomposition (4.9) repeats that in Proposition 2.3. The coordinate
expression (4.10) results from a direct computation. ✷
Proposition 4.3 states the existence of a global finite order Lepagean equivalent ΞL = Ξ+L
of any graded Lagrangian L. Locally, one can always choose Ξ (4.10) where all functions h
vanish.
5 Proof of Theorem 4.1
The proof of Theorem 4.1 follows a scheme of the proof of Theorem 2.1, but all sheaves are
set on X .
We start from the exactness of the complexes (4.4) – (4.6). The exactness of the short
variational complex (4.4) (the algebraic Poincare´ lemma) and the de Rham complex (4.6)
(the Poincare´ lemma) on X = Rn at all terms, except R, has been stated [5, 8, 14]. Let us
extend the algebraic Poincare´ lemma to the complex (4.5).
Lemma 5.1. The complex (4.5) on X = Rn is exact.
Proof. The fact that a dH-closed graded form φ ∈ S
1,m<n
∞ is dH-exact results from the
algebraic Poincare´ lemma for horizontal graded forms φ ∈ S0,m<n∞ . Indeed, let us formally
associate to a graded m-form φ =
∑
φΛA ∧ ds
A
Λ the horizontal graded (m − 1)-form φ =∑
φΛAs
A
Λ depending on additional variables s
A
Λ of the same Grassmann parity as s
A
Λ , and let
us introduce the modified total differential
dHφ = dHφ+ dx
λ ∧ (sAλ ∂Aφ+ s
A
λµ∂
µ
Aφ+ · · ·), ∂
Λ
A = ∂/∂s
A
Λ .
It is easily justified that dHφ = dHφ. If dHφ = 0, then dHφ = 0 and, consequently, φ = dHψ
where ψ =
∑
ψΛAs
A
Λ is linear in s
A
Λ . Then φ = dHψ where ψ =
∑
ψΛA ∧ ds
A
Λ . It remains to
show that, if
̺(φ) =
∑
|Λ|≥0
(−1)|Λ|θA ∧ [dΛ(∂
Λ
A⌋φ)] =
∑
|Λ|≥0
(−1)|Λ|θA ∧ [dΛφ
Λ
A] = 0, φ ∈ S
1,n
∞ ,
then φ is dH-exact. A direct computation gives
φ = dHψ, ψ = −
∑
|Λ|≥0
∑
Σ+Ξ=Λ
(−1)|Σ|θAΞ ∧ dΣφ
Λ+µ
A ωµ.
✷
Let us associate to each open subset U ⊂ X the R-module S∗U of elements of the C
∞(X)-
algebra S∗∞ whose coefficients are restricted to U . These modules make up a presheaf on
X . Let S∗∞ be the sheaf constructed from this presheaf and Γ(S
∗
∞) its structure module
of sections. One can show that S∗∞ inherits the bicomplex operations, and Γ(S
∗
∞) does so.
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For short, we say that Γ(S∗∞) consists of polynomials in s
a
Λ, ds
a
Λ of locally bounded jet order
|Λ|. There is the monomorphism S∗∞ → Γ(S
∗
∞). Let us consider the complexes of sheaves
of C∞(X)-modules
0−→R−→S0∞
dH−→S0,1∞ · · ·
dH−→S0,n∞
δ
−→ 0, (5.1)
0→ S1,0∞
dH−→S1,1∞ · · ·
dH−→S1,n∞
̺
−→E1 → 0, E1 = ̺(S
1,n
∞ ), (5.2)
0→ R−→S0∞
d
−→S1∞ · · ·
d
−→Sk∞−→· · · (5.3)
on X and the complexes of their structure modules
0−→R−→Γ(S0∞)
dH−→Γ(S0,1∞ ) · · ·
dH−→Γ(S0,n∞ )
δ
−→ 0, (5.4)
0→ Γ(S1,0∞ )
dH−→Γ(S1,1∞ ) · · ·
dH−→Γ(S1,n∞ )
̺
−→Γ(E1)→ 0, (5.5)
0→ R−→Γ(S0∞)
d
−→Γ(S1∞) · · ·
d
−→Γ(Sk∞)−→· · · . (5.6)
The terms S∗,∗∞ of these complexes are sheaves of C
∞(X)-modules. Therefore, they are fine
and, consequently, acyclic. Turn to the sheaf E1.
Lemma 5.2. The sheaf E1 on X is fine.
Proof. We use the fact that the sheaf E1 is a projection ̺(S
1,n
∞ ) of the sheaf S
1,n
∞ of C
∞(X)-
modules. Let U = {Ui}i∈I be a locally finite open covering of X and {fi ∈ C
∞(X)} the
associated partition of unity. For any open subset and any section φ of the sheaf S1,n∞ over U ,
let us put hi(φ) = fiφ. The endomorphisms hi of S
1,n
∞ yield the R-module endomorphisms
hi = ̺ ◦ hi : E1
in
−→S1,n∞
hi−→S1,n∞
̺
−→E1
of the sheaf E1. They possess the properties for E1 to be a fine sheaf. Indeed, for each i ∈ I,
suppfi ⊂ Ui provides a closed set such that hi is zero outside it, while the sum
∑
i∈I
hi is the
identity morphism. ✷
Consequently, the sheaf E1 is acyclic. The above mentioned exactness of the complexes
(4.4) – (4.6) on X = Rn implies the exactness of the complexes of sheaves (5.1) – (5.3) at all
terms, except R. It follows that the complexes (5.1) and (5.3) are resolutions of the constant
sheaf R, while the complex (5.2) is exact. By virtue of the abstract de Rham theorem, the
cohomology of the complexes (5.4) and (5.6) equals the de Rham cohomology H∗(X) of X ,
whereas the complex (5.5) is globally exact. It remains to prove the following.
Theorem 5.3. Cohomology of the complexes (4.4) – (4.6) equals that of the complexes
(5.4) – (5.6).
The rest of this Section is the proof of Theorem 5.3. Let the common symbols Γ∗∞ and
D stand for all the modules and the coboundary operators, respectively, in the complexes
(5.4) – (5.6). With this notation, one can say that any D-closed element φ ∈ Γ∗∞ takes the
form
φ = ϕ+Dξ, (5.7)
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where ϕ is a non-exact closed exterior form on X . For the proof, it suffices to show that,
if an element φ ∈ S∗∞ is D-exact in the module Γ
∗
∞, then it is so in S
∗
∞. By virtue of the
above mentioned Poincare´ lemmas, if X is contractible and a D-exact element φ is of finite
jet order [φ] (i.e., φ ∈ S∗∞), there exists an element ϕ ∈ S
∗
∞ such that φ = Dϕ. Moreover, a
glance at the corresponding homotopy operators shows that the jet order [ϕ] of ϕ is bounded
by an integer N([φ]), depending only on [φ]. We agree to call this fact the finite exactness
of an operator D. Given an arbitrary manifold X , the finite exactness takes place on any
domain U ⊂ X . Let us state the following.
Lemma 5.4. Given a family {Uα} of disjoint open subsets of X, let us suppose that the
finite exactness of an operator D takes place on every subset Uα. Then it holds on the union
∪
α
Uα.
Proof. Let φ ∈ S∗∞ be a D-exact graded form on X . The finite exactness on ∪Uα holds since
φ = Dϕα on every Uα and all [ϕα] < N([φ]). ✷
Lemma 5.5. Suppose that the finite exactness of an operator D takes place on open subsets
U , V of X and their non-empty overlap U ∩ V . Then it is also true on U ∪ V .
Proof. Let φ = Dϕ ∈ S∗∞ be a D-exact graded form on X . By assumption, it can be
brought into the form DϕU on U and DϕV on V , where ϕU and ϕV are graded forms of
bounded jet order. Due to the decomposition (5.7), one can choose the forms φU , φV such
that ϕ − ϕU on U and ϕ − ϕV on V are D-exact. Let us consider the difference ϕU − ϕV
on U ∩ V . It is a D-exact graded form of bounded jet order which, by assumption, can be
written as ϕU − ϕV = Dσ where σ is also of bounded jet order. Lemma 5.6 below shows
that σ = σU + σV where σU and σV are graded forms of bounded jet order on U and V ,
respectively. Then, putting
ϕ′U = ϕU −DσU , ϕ
′
V = ϕV +DσV ,
we have the graded form φ, equal to Dϕ′U on U and Dϕ
′
V on V , respectively. Since the
difference ϕ′U − ϕ
′
V on U ∩ V vanishes, we obtain φ = Dϕ
′ on U ∪ V where
ϕ′
def
=
{
ϕ′|U =ϕ
′
U
ϕ′|V =ϕ
′
V
is of bounded jet order. ✷
Lemma 5.6. Let U and V be open subsets of X and σ a graded form of bounded jet order
on U ∩ V . Then σ splits into the sum σU + σV of graded exterior forms σU on U and σV on
V of bounded jet order.
Proof. By taking a smooth partition of unity on U ∪ V subordinate to its cover {U, V } and
passing to the function with support in V , we get a smooth real function f on U ∪ V which
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is 0 on a neighborhood UU−V of U − V and 1 on a neighborhood UV−U of V − U in U ∪ V .
The graded form fσ vanishes on UU−V ∩ (U ∩ V ) and, therefore, can be extended by 0 to
U . Let us denote it σU . Accordingly, the graded form (1− f)σ has an extension σV by 0 to
V . Then σ = σU + σV is a desired decomposition because σU and σV are of finite jet order
which does not exceed that of σ. ✷
By virtue of Lemmas 5.4 and 5.5, the finite exactness of an operator D on a manifold
X takes place because one can choose the corresponding cover of X (see Lemma 9.5 in [10],
Chapter V).
6 Generalized Lagrangian supersymmetries
A graded derivation υ ∈ dS0∞ of the R-ring S
0
∞ is said to be a generalized supersymmetry if
the Lie derivative Lυφ preserves the ideal of contact graded forms of the BGDA S
∗
∞.
Proposition 6.1. With respect to the local basis (xλ, sAΛ, dx
λ, θAΛ) for the BGDA S
∗
∞, any
generalized supersymmetry takes the form
υ = υH + υV = υ
λdλ + (υ
A∂A +
∑
|Λ|>0
dΛυ
A∂ΛA), (6.1)
where υλ, υa are local graded functions.
Proof. The key point is that any element of the C∞(X)-algebra S∗∞ is a section of a finite-
dimensional vector bundle over X and any graded form is a finite composition of df , f ∈ S0∞.
Therefore, the proof follows those of Propositions 3.1 – 3.3. ✷
The interior product υ⌋φ and the Lie derivative Lυφ, φ ∈ S
∗
∞ obey the same formulae
υ⌋φ = υλφλ + (−1)
[φA]υAφA, φ ∈ S
1
∞,
υ⌋(φ ∧ σ) = (υ⌋φ) ∧ σ + (−1)|φ|+[φ][υ]φ ∧ (υ⌋σ), φ, σ ∈ S∗∞
Lυφ = υ⌋dφ+ d(υ⌋φ), Lυ(φ ∧ σ) = Lυ(φ) ∧ σ + (−1)
[υ][φ]φ ∧ Lυ(σ).
as those on a graded manifold. In particular, it is easily justified that any vertical generalized
supersymmetry υ (6.1) satisfies the relations
υ⌋dHφ = −dH(υ⌋φ), (6.2)
Lυ(dHφ) = dH(Lυφ), φ ∈ S
∗
∞. (6.3)
Proposition 6.2. Given a graded Lagrangian L ∈ S0,n∞ , its Lie derivative LυL along a
generalized supersymmetry υ (6.1) fulfills the first variational formula
LυL = υV ⌋δL+ dH(h0(υ⌋ΞL)) + dV (υH⌋ω)L, (6.4)
where ΞL = Ξ + L is a Lepagean equivalent of L given by the coordinate expression (4.10).
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Proof. The proof follows that of Proposition 3.4 and results from the decomposition (4.9)
and the relation (6.2). ✷
In particular, let υ be a divergence symmetry of a graded Lagrangian L, i.e., LυL = dHσ,
σ ∈ S0,n−1∞ . Then the first variational formula (6.4) restricted to Ker δL leads to the weak
conservation law
0 ≈ dH(h0(υ⌋ΞL)− σ). (6.5)
Similarly to the case of generalized symmetries, one can justify that a generalized supersym-
metry is a divergence symmetry of a Lagrangian L iff its vertical part υV (6.1) is so. In this
case the conservation law (6.5) takes the form
0 ≈ dH(υV ⌋ΞL − σ
′),
where Jυ = υV ⌋ΞL is the graded Noether current along a generalized supersymmetry υV .
It should be emphasized that a Lepagean equivalent ΞL in the conservation law (6.5)
is not uniquely defined. One can always choose it of the local form (4.10) where graded
functions h vanish. There is a global Lepagean equivalent of this form if either dimX = 1
or L is of first order.
The BRST transformation in gauge theory on a principal bundle P → X with a structure
group G in Remark 4.2 exemplifies a vertical generalized supersymmetry. With respect to a
local basis (xλ, arλ, C
r) for the BGDA S∗∞(VG, C) (4.3), it is given by the expression
υ = υrλ
∂
∂arλ
+ υr
∂
Cr
+
∑
|Λ|>0
(
dΛυ
r
λ
∂
∂arΛ,λ
+ dΛυ
r ∂
CrΛ
)
, (6.6)
υrλ = C
r
λ + c
r
pqa
p
λC
q, υr =
1
2
crpqC
pCq,
where crpq are structure constants of the right Lie algebra of G. A remarkable peculiarity of
this generalized supersymmetry is that the Lie derivative Lυ along υ (6.6) is nilpotent on
the module S0,∗∞ of horizontal graded forms.
One says that a vertical generalized supersymmetry υ (6.1) is nilpotent if
Lυ(Lυφ) =
∑
|Σ|≥0,|Λ|≥0
(υBΣ∂
Σ
B(υ
A
Λ)∂
Λ
A + (−1)
[B][υa]υBΣυ
A
Λ∂
Σ
B∂
Λ
A)φ = 0 (6.7)
for any horizontal graded form φ ∈ S0,∗∞ . A glance at the second term in the expression (6.7)
shows that a nilpotent generalized supersymmetry is necessarily odd. The following is an
important criterion of a nilpotent generalized supersymmetry.
Lemma 6.3. A generalized supersymmetry υ is nilpotent iff the equality
Lυ(υ
A) =
∑
|Σ|≥0
υBΣ∂
Σ
B(υ
A) = 0
holds for all υA.
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Proof. The proof results from a direct computation. ✷
Remark 6.1. A useful example of a nilpotent generalized supersymmetry is the supersym-
metry
υ = υA(x)∂A +
∑
|Λ|>0
∂Λυ
A∂ΛA, (6.8)
where all υA are smooth real functions on X , but all sA are odd.
7 Cohomology of nilpotent generalized supersymmetries
Let υ be a nilpotent generalized supersymmetry. Since the Lie derivative Lυ obeys the
relation (6.3), let us assume that the R-module S0,∗∞ of graded horizontal forms is split into
a bicomplex {Sk,m} with respect to the nilpotent operator sυ (1.8) and the total differential
dH . This bicomplex
dH : S
k,m → Sk,m+1, sυ : S
k,m → Sk+1,m
is graded by the form degree 0 ≤ m ≤ n and an integer k ∈ Z, though it may happen that
Sk,∗ = 0 starting from some number. For the sake of brevity, let us call k the charge number.
For instance, the BRST bicomplex S0,∗∞ (C, VGP ) is graded by the charge number k which
is the polynomial degree of its elements in odd variables CrΛ. In this case, sυ (1.8) is the
BRST operator. Since the ghosts CrΛ are characterized by the ghost number 1, k is the ghost
number. The bicomplex defined by the supersymmetry (6.8) in Remark 6.1 has the similar
gradation, but the nilpotent operator sυ decreases the odd polynomial degree.
Let us consider horizontal graded forms φ ∈ S0,∗∞ such that a nilpotent generalized su-
persymmetry υ is their divergence symmetry, i.e., sυφ = dHσ. As was mentioned above, we
come to the relative and iterated cohomology of the nilpotent operator sυ (1.8) with respect
to the total differential dH .
Recall that a horizontal graded form φ ∈ S∗,∗ is said to be a relative (i.e., (sυ/dH)-)
closed form if sυφ is a dH-exact form. This form is called exact if it is a sum of an sυ-
exact form and a dH-exact form. Accordingly, we have the relative cohomology H
∗,∗(sυ/dH).
If a (sυ/dH)-closed form φ is also dH-closed, it is called an iterated (sυ|dH)-closed form.
This form φ is said to be exact if φ = sυξ + dHσ, where ξ is a dH-closed form. Thus,
we come to the iterated cohomology H∗,∗(sυ|dH) of the (sυ, dH)-bicomplex S
∗,∗. It is the
term E∗,∗2 of the spectral sequence of this bicomplex [30]. There is an obvious isomorphism
H∗,n,(sυ/dH) = H
∗,n(sυ|dH) of relative and iterated cohomology groups on horizontal graded
densities. Forthcoming Theorems 7.2 and 7.3 extend our results on iterated cohomology in
[19] to an arbitrary nilpotent generalized supersymmetry.
Note that, with respect to the total differential dH , the bicomplex S
∗,∗ is the complex
0−→R−→S0∞
dH−→S0,1∞ · · ·
dH−→S0,n∞
dH−→ 0, (7.1)
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which differs from the short variational complex (4.4) in the last morphism.
Proposition 7.1. Cohomology groups Hm<n(dH) of the complex (7.1) equal the de Rham
cohomology groups Hm<n(X) of X, while the cohomology group Hn(dH) fulfills the relation
Hn(dH)/H
n(X) = E1. (7.2)
Proof. Cohomology of the complex (7.1) is determined similarly to that of the short varia-
tional complex (4.4). The only difference is that the horizontal complex (7.1) on X = Rn is
not exact at the last term S0,n∞ . Accordingly, the corresponding complex of sheaves
0−→R−→S0∞
dH−→S0,1∞ · · ·
dH−→S0,n∞
dH−→ 0
on X fails to be a resolution of the constant sheaf R at the last term. Therefore, one
should use a minor modification of the abstract de Rham theorem [20, 41] in order to obtain
cohomology of the corresponding complex of structure modules
0−→R−→Γ(S0∞)
dH−→Γ(S0,1∞ ) · · ·
dH−→Γ(S0,n∞ )
dH−→ 0
at all the terms, except the last one. Then Theorem 5.3 shows that this cohomology coincides
with that of the complex (7.1). The relation (7.2) results from the formula (4.8). ✷
Remark 7.1. Let us mention that, in the antifield BRST theory [5, 8] extended to an arbitrary
X , the antibracket is defined on elements of the quotient Hn(dH)/H
n(X). They correspond
to local functionals up to surface integrals. At the same time, the antibracket on local
functionals implies rather intricate geometric interpretation of antifields [28, 42],
Theorem 7.2. There is an epimorphism
ζ : Hm<n(X)→ H∗,m<n(sυ|dH) (7.3)
of the de Rham cohomology Hm(X) of X of form degree less than n onto the iterated coho-
mology H∗,m<n(sυ|dH).
Proof. Since a nilpotent generalized supersymmetry υ is vertical, all exterior forms φ on X
are sυ-closed. It follows that they are (sυ|dH)-closed. Since any dH-exact horizontal graded
form is also (sυ|dH)-exact, we have a morphism ζ (7.3). By virtue of Corollary 4.2 (and,
equivalently, Proposition 7.1), any dH-closed horizontal graded (m < n)-form φ is split into
the sum φ = ϕ + dHξ (4.7) of a closed m-form ϕ on X and a dH-exact graded form. It
follows that the morphism ζ (7.3) is an epimorphism. ✷
In particular, if X = Rn, the iterated cohomology H∗,0<m<n(sυ|dH) is trivial in contrast
with the relative ones.
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The kernel of the morphism ζ (7.3) consists of elements whose representatives are sυ-
exact closed exterior forms on X . For instance, a glance at the the BRST transformation υ
(6.6) shows that, in BRST theory, exterior forms on X are never sυ-exact. However, this is
not the case of the supersymmetry (6.8). Note that, in the both examples, exterior forms
on X are only of zero charge number. In this case, we have the trivial iterated cohomol-
ogy H 6=0,m<n(sυ|dH) and an epimorphism (in particular, an isomorphism) of H
m<n(X) to
H0,m<n(sυ|dH).
Turn now to the iterated cohomology H∗,n(sυ|dH). It requires a particular analysis be-
cause, by virtue of Proposition 7.1, the cohomology Hn(dH) of the complex (7.1) fails to
equal the de Rham cohomology Hn(X) of X .
The bicomplex S∗,∗ is a complex with respect to the total coboundary operator s˜υ =
sυ+ dH . We aim to state the relation between the iterated cohomology H
∗,m(sυ|dH) and the
total s˜υ-cohomology H
∗(s˜υ) of the bicomplex S
∗,∗. Similarly to the morphism (7.3), there
exists the morphism
γ : H<n(X)→ H∗(s˜υ) (7.4)
of the de Rham cohomology H<n(X) of X of form degree < n to the total cohomology
H∗(s˜υ). Its kernel consists of elements whose representatives are s˜υ-exact closed exterior
forms on X . Put H
∗
= H∗(s˜υ)/Im γ.
Theorem 7.3. There is the isomorphism
H∗,n(sυ|dH)/H
∗
= Ker γ. (7.5)
Proof. The proof falls into the following three steps.
(i) At first, we state the morphism
η : H∗,n(sυ|dH)→ Ker γ (7.6)
of the iterated cohomology H∗,n(sυ|dH) to Ker γ. Let a horizontal graded n-form φn be
(sυ|dH)-closed. Then, by definition, sυφn is dH-exact, i.e.,
sυφn + dHφn−1 = 0. (7.7)
Acting on this equality by sυ, we observe that sυφn−1 is a dH-closed graded form, i.e.,
sυφn−1 + dHφn−2 = ϕn−1, (7.8)
where ϕn−1 is a closed (n−1)-form on X in accordance with Corollary 4.2. Since sυϕn−1 = 0,
an action of sυ on the equation (7.8) shows that sυφn−2 is a dH-closed graded form, i.e.,
sυφn−2 + dHφn−3 = ϕn−2,
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where ϕn−2 is a closed (n−2)-form on X . Iterating the arguments, one comes to the system
of equations
sυφn−k + dHφn−k−1 = ϕn−k, 0 ≤ k < n, sυφ0 = ϕ0 = const, (7.9)
which assemble into the descent equation
s˜υφ˜n = ϕ˜n−1, (7.10)
φ˜n = φn + φn−1 + · · ·+ φ0, ϕ˜n−1 = ϕn−1 + · · ·+ ϕ0. (7.11)
Thus, any (sυ|dH)-closed horizontal graded form defines a descent equation (7.10) whose
right-hand side ϕ˜n−1 is a closed exterior form onX such that its de Rham class belongs to the
kernel Ker γ of the morphism (7.4). For the sake of brevity, let us denote this descent equation
by 〈ϕ˜n−1〉. Accordingly, we say that a horizontal graded form φ˜n (7.11) is a solution of the
descent equation 〈ϕ˜n−1〉 (7.11). A descent equation defined by a (sυ|dH)-closed horizontal
graded form φn is not unique. Let φ˜
′ be another solution of another descent equation 〈ϕ˜′n−1〉
such that φn = φ
′
n. Let us denote ∆φk = φk − φ
′
k and ∆ϕk = ϕk − ϕ
′
k. Then the equation
(7.7) leads to the equation dH(∆φn−1) = 0. It follows that
∆φn−1 = dHξn−2 + αn−1, (7.12)
where αn−1 is a closed (n − 1)-form on X . Accordingly, the equation (7.9) leads to the
equation
sυ(∆φn−1) + dH(∆φn−2) = ∆ϕn−1.
Substituting the equality (7.12) into this equation, we obtain the equality
dH(−sυξn−2 +∆φn−2) = ∆ϕn−1.
It follows that
∆φn−2 = sυξn−2 + dHξn−3 + αn−2, ∆ϕn−1 = dαn−2
where αn−2 is an exterior form on X . Iterating the arguments, one comes to the relations
∆φn−k = sυξn−k + dHξn−k−1 + αn−k, ∆ϕn−k = dαn−k−1, 1 < k < n, (7.13)
where αn−k−1 are exterior forms on X and, finally, to the equalities ∆φ0 = 0, ∆ϕ0 = 0.
Then it is easily justified that
φ˜n − φ˜
′
n = s˜σ˜ + α˜, σ˜ = ∆φn−1 + · · ·+∆φ1, (7.14)
ϕ˜n−1 − ϕ˜
′
n−1 = dα˜, α˜ = αn−1 + · · ·+ α1. (7.15)
It follows that right-hand sides of any two descent equations defined by a (sυ|dH)-closed
horizontal graded form φn differ from each other in an exact form on X . Moreover, let
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φn and φ
′
n be representatives of the same iterated cohomology class in H
∗,n(sυ|dH), i.e.,
φn = φ
′
n + sυξn + dHσn−1. Let φn provide a solution φ˜n of a descent equation 〈ϕ˜n−1〉.
Then φ′n defines a solution φ˜
′ = φ˜+ s˜υ(ξn + σn−1) of the same descent equation. Thus, the
assignment φn 7→ 〈ϕ˜n−1〉 yields the desired morphism η (7.6).
(ii) Let ϕ˜n−1 be a closed exterior form on X whose de Rham cohomology class belongs to
Ker γ. Then ϕ˜n−1 yields some descent equation 〈ϕ˜n−1〉 (7.10). Let ϕ˜
′
n−1 differ from ϕ˜n−1 in
an exact form, i.e., let the relation (7.15) hold. Then any solution φ˜n of the equation 〈ϕ˜n−1〉
yields a solution φ˜′n = φ˜n − α˜ (7.14) of the equation 〈ϕ˜
′
n−1〉 such that φ
′
n = φn. It follows
that the morphism η (7.6) is an epimorphism.
(iii) The kernel of the morphism η (7.6) is represented by (sυ|dH)-closed horizontal graded
forms φn which define the homogeneous descent equation
s˜υφ˜n = 0. (7.16)
Its solutions φ˜n are s˜υ-closed horizontal graded forms. Let us assign to a solution φ˜n of
the descent equation (7.16) its higher term φn. Running back the arguments at the end of
item (i), one can show that, if solutions φ˜n and φ˜
′
n of the descent equation (7.16) belong
to the same total cohomology class, then its higher terms φn and φ
′
n belong to the same
iterated cohomology class. It follows that the assignment φ˜n 7→ φn provides an epimorphism
of the total cohomology H∗(s˜υ) onto Ker η. The kernel of this epimorphism is represented
by solutions φ˜n of the descent equation (7.16) whose higher term vanishes. Following item
(i), one can easily show that these solutions take the form φ˜n = s˜υσ+ α˜, where α˜ is a closed
exterior form on X of form degree < n. Cohomology classes of these solutions exhaust the
image of the morphism γ (7.4), i.e., Im γ = Ker η. ✷
In particular, if the morphism γ (7.4) is a monomorphism (i.e., no non-exact closed
exterior form on X is s˜υ-exact), the isomorphism (7.5) gives the isomorphism
H∗,n(sυ|dH) = H
∗(s˜υ)/H
<n(X).
For instance, this is the case of the BRST transformation (6.6) [19].
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